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The paper contains the following two results:
(1) If X is a paracompact space and M is a metric space such that X can be embedded in
Mω1 in such a way that the projections of X onto initial countably many coordinates are
closed, then the product X × Y is paracompact for every paracompact space Y if and only
if the ﬁrst player of the G(DC, X) game, introduced by Telgarsky, see Telgarsky (1975) [22],
has a winning strategy.
(2) If X is paracompact space, Y is a closed image of X and the ﬁrst player of the G(DC, X)
game has a winning strategy then also the ﬁrst player of the G(DC, Y ) game has a winning
strategy.
© 2012 Elsevier B.V. All rights reserved.
This note is a continuation of my research started in the papers [1,2] and [3] concerning paracompactness in the Cartesian
products of topological spaces. This topic was extensively investigated by Frolik, Katuta, Michael, Morita, Przymusinski,
Sorgenfrey, Stone, Tamano, Tanaka, Telgarsky, Vaughan, see [5,6,8–25].
Let us denote by P the class of all spaces whose Cartesian product with every paracompact space is paracompact. The
general question is to characterize the class P and to verify whether the class is closed with respect to closed mappings
and Xω is paracompact provided that X belongs to P . We adopt the topological terminology from [4] and set-theoretical
from [7]. By a P -space we mean a space whose topology is closed with respect to countable intersections. In the sequel
ω and ω1 stand for the ﬁrst inﬁnite ordinal number and the ﬁrst uncountable ordinal number, respectively. The symbol
Lim stands for the limit countable ordinal numbers. The ordinal numbers are denoted by Greek letters, the set of natural
numbers by N . All spaces considered in the paper are regular and mappings are continuous. If A is a set then the symbol
|A| stands for the cardinality of A. If Z = Y λ , S ⊂ λ, then pS stands for the projection from Z onto Y S ; in particular, for
α < λ, pα is the projection from Z onto Y α . The hedgehog of spininess τ , where τ is a cardinal number, is denoted by
J (τ ).
In the sequel if X is a topological space and F is a subspace of X then XF stands for the set X with the topology
generated by the sets of the form {x}, where x ∈ X \ F or U , where U is an open subset of X .
The most important notion considered in this paper is the G(DC, X) game introduced by Telgarsky in [22]. Telgarsky
observed that his game is strictly related to the productivity of paracompactness. For a topological space X the G(DC, X)
game is a game with two players. The ﬁrst player chooses odd numbered closed subsets Fn of X and the second player
chooses even numbered closed subsets Fn of X such that:
(i) each set selected by the ﬁrst player is a discrete union of compact sets,
(ii) F2k+1 ∩ F2k+2 = ∅, for k ∈ N ∪ {0},
(iii) F2k+1 ⊂ F2k , for k ∈ N ,
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We say that the ﬁrst player wins the game if
⋂{F2k: k ∈ N} = ∅. The second player wins the game if ⋂{F2k: k ∈ N} = ∅.
We say that a ﬁnite sequence (F1, F2, . . . , Fi) of closed subsets of X is admissible if the sets of it satisfy the rules of the
G(DC, X) game. We say that the ﬁrst player has a winning strategy if there is a function s assigning to each admissible
sequence (P1, P2, . . . , P2k) a discrete union of compact sets s(P1, . . . , P2k) = P2k+1, which is a subset of P2k , for k ∈ N , such
that for each sequence (Fn)∞n=1, where (F1, F2, . . . , Fi) is admissible for each i ∈ N and s(F1, F2, . . . , F2k) = F2k+1, for k ∈ N ,
we have
⋂{F2k: k ∈ N} = ∅.
We say that a space X is σ C-scattered (σ DC-scattered), respectively, if for every closed subset F of X there is x ∈ F
and a closed neighborhood of x in F which is σ -compact (a countable union of sets each of which is a discrete union of
compact sets). We say that a space X is σpDC-scattered, (G-scattered), respectively, if for every closed subset F of X there
is x ∈ F and a closed neighborhood H of x in F such that H is a countable pairwise disjoint union of sets each of which is
a discrete union of compact sets (the ﬁrst player in the G(DC, H) game has a winning strategy).
An additional very interesting problem related to the class P is the following question: Is the closed image of an element
of P also belongs to P?
It is known that a closed image of paracompact space is paracompact, see [8].
Let us recall two conjectures which I called Telgarsky’s conjectures (he has never formulated them):
Conjecture 1. A paracompact space X belongs to P if and only if the ﬁrst player in the G(DC, X) has a winning strategy.
The implication that if X is a paracompact space and the ﬁrst player in the game G(DC, X) has a winning strategy then
X belongs to P was proved by Telgarsky, see [22].
Conjecture 2. If X is a paracompact space and the second player in the G(DC, X) game has a winning strategy then X does not belong
to P .
Telgarsky asked a relevant question: Is it true that if X and Y are paracompact spaces and the ﬁrst player of the G(DC, X)
and G(DC, Y ) games has a winning strategy then also the ﬁrst player of the G(DC, X × Y ) has a winning strategy?
The problem was solved in the positive way by Yajima, see [24], see also [17].
The aim of this note is to prove the following results:
Theorem 1. If X is a paracompact space and M a metrizable space such that X can be embedded in Mω1 in such a way that the
projections of X onto initial countably many coordinates are closed, then X ∈ P if and only if the ﬁrst player of the G(DC, X) game
has a winning strategy.
Theorem 2. If X is a paracompact space, Y is a closed image of X and the ﬁrst player of the G(DC, X) game has a winning strategy
then also the ﬁrst player of the G(DC, Y ) game has a winning strategy.
Remark 1. Theorem 1 is a generalization of Theorem 3 from [3] and answers Question 4, see [3].
Remark 2. It is easy to notice that in Theorems 2 and 3 from [3] the hedgehog of spininess τ , where τ is a cardinal number
could be replaced by a metrizable space M because we needed only metrizibility of J (τ ).
Remark 3. Theorem 1 is in a way a generalization of a well-known result of Morita, Michael and Stone which says that
a metrizable space belongs to P if and only if it is a countable union of closed sets each of which is a discrete union of
compact sets, see [9,13] and [25].
In the sequel we shall need some lemmas.
Lemma 1. ([3]) If f : X → X1 is a closedmapping from a paracompact space X onto a space X1 satisfying the ﬁrst axiom of countability
then there is a closed subset F of X such that the restriction f1 = f |F is perfect and f (X) = f1(F ).
The original proof of Lemma 1 can be found in [10].
Lemma 2. ([3]) If X ∈ P and f : X → X1 , where X1 is a metrizable and f is a continuous and closed mapping from X onto X1 , then
X1 is a countable union of sets each of which is a discrete union of compact sets.
Lemma 3. In the deﬁnition of the sets chosen by the ﬁrst player of the G(DC, X) game we can replace the words “discrete union of
compact sets” by “locally compact paracompact set”.
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which is a discrete union of compact sets.
Lemma 4. ([22]) If X =⋃{Fn: n ∈ N}, where Fn is a closed subset of X and the ﬁrst player in the G(DC, Fn) game has a winning
strategy, for n ∈ N, then the ﬁrst player in the G(DC, X) game has a winning strategy.
The proof can be found in [22, Theorem 4.7].
Proof of Theorem 1. If the ﬁrst player of the G(DC, X) game has a winning strategy then by the Telgarsky’s result, [22,
Theorem 14.6], X belongs to P .
Let us assume that X belongs to P and e : X → Mω1 is an embedding of X into Mω1 , where M is a metrizable space
satisfying the assumptions of Theorem 1. In order to simplify notation we shall identify X with e(X).
Let us denote by Aα , for α ∈ Lim, the set of all z ∈ Mα \ pα(X) such that for each β < α we have pβ(p−1α (z)) = z|β ∈
pβ(X). Let Y = X ∪⋃{Aα: α ∈ Lim} and the topology on Y is generated by the sets {x}, for x ∈ X and Bβ(z), for z ∈ Aα ,
β < α and α ∈ Lim, where
Bβ(z) = {x ∈ X: x|β = z|β} ∪
{
z′ ∈
⋃
{Aγ : β < γ , γ ∈ Lim}: z′|β = z|β
}
.
Then Y is paracompact. Indeed if V is an open cover of Y then we can ﬁnd a pairwise disjoint family V1 reﬁning V ,
covering Y \ X consisting of the sets of the form Bβ(z), where z ∈ Aα , β < α and α ∈ Lim. Since Y \⋃V1 ⊂ X is discrete
in Y , we infer that Y is paracompact.
From X ∈ P it follows that X × Y is paracompact. We shall show that the last fact implies that the ﬁrst player of the
G(DC, X) game has a winning strategy.
Put
F1 =
{
(x, x): x ∈ X} and F2 = X ×
(⋃
{Aα: α ∈ Lim}
)
.
Then F1 and F2 are disjoint closed subsets of X × Y . Let U1 and U2 be disjoint open sets in X × Y containing F1
and F2, respectively. Let x1 ∈ X . Put {x1} = D1. For each z ∈ Aα and α ∈ Lim let βz < α be the smallest ordinal number such
that {x1} × Bβz (z) ⊂ U2. Let us observe that if z, z′ ∈ Y \ X and z = z′ then the sets Bβz (z) and Bβz′ (z′) are disjoint or one
include the other one. Hence there is C1 ⊂ Y \ X such that the family V1 = {Bβz (z): z ∈ C1} consists of pairwise disjoint sets,{x1} × Bβz (z) ⊂ U2 and Y \ X ⊂
⋃V1. For each z ∈ C1 put H(Bβz (z)) = Bβz (z) ∩ X = {x ∈ X: x|βz = z|βz}. From the fact that
the projections pα |X , for α < ω1 are closed and the proof of Lemma 1 it follows that H(Bβz (z)) \ IntX H(Bβz (z)) is compact
for z ∈ C1. Hence the closure of
K1 = X \
⋃{
IntX H
(
Bβz (z)
)
: z ∈ C1
}
in Y is equal to K1 meaning that K1 is a subset of X which is closed in Y and in X .
Let us assume that for i = 1,2, . . . ,n are deﬁned Di ⊂ X , Ci ⊂ Y \ X and Bβz (z), for z ∈ Ci such that
(1) the family Gi = {Bβz (z): z ∈ Ci} is a pairwise disjoint family and
⋃Gi ⊃ Y \ X ,
(2) Ki = X \⋃{IntX H(Bβz (z)): z ∈ Ci} is a closed subset of Y and X ,
(3) if i > 1 then for each z ∈ Ci−1 there is a unique xz ∈ H(Bβz (z)) and Di = {xz: z ∈ Ci−1},
(4) if i > 1 and z ∈ Ci then there is a unique z′ ∈ Ci−1 such that z ∈ Bβz′ (z′) and an ordinal number βz > βz′ such that βz is
the smallest ordinal number satisfying {xz′ } × Bβz (z) ⊂ U2 and H(Bβz )(z) ⊂ IntX (H(Bβz′ (z′))),
(5) if i > 1 then Ki ⊃ Ki−1.
The condition (1) for i = n enables to construct the desired objects for i = n + 1 and the conditions (2), (3) and (4) tell
us how to do it.
Let us observe that
⋃∞
i=1 Ki = X . Suppose that the equation does not hold. Then there are (xn)∞n=1 ∈
∏∞
i=1 Di , (zn)∞n=1 ∈∏∞
i=1 Ci , a strictly increasing sequence (βn)∞n=1 of countable ordinal numbers and b ∈ X such that xn+1 = xzn , βn = βzn ,
xn+1 ∈ H(Bβzn (zn)) \ H(Bβzn+1 (zn+1)), {xn+1} × Bβzn+1 (zn+1) ⊂ U2 and b ∈
⋂∞
n=1 H(Bβzn (zn)) = B .
Put β = sup{βzn : n ∈ N}. From the fact that pβ |X is closed at the point b and the deﬁnition of the sequence (xn)∞n=1 it
follows that the sequence (xn|β)∞n=1 consists of distinct points of pβ(X) converging to b|β . Hence there is x ∈ B such that for
each neighborhood U of x in X we have U ∩{xn: n ∈ N} = ∅. If U is such that U ×{x} ⊂ U1 then there is 1 < n0 ∈ N satisfying
xn0 ∈ U . Hence we have (xn0 , x) ∈ U1. On the other hand (xn0 , x) ∈ {xn0 } × Bβzn0 (zn0 ) ⊂ U2, contradicting U1 ∩ U2 = ∅.
We shall prove that Ki , for i ∈ N is a σ DC-scattered space. Let us ﬁx i0 ∈ N . Suppose that Ki0 is not σ DC-scattered
space. Let E be the set of all x ∈ Ki0 such that all neighborhoods of x in Ki0 are not σ DC-scattered spaces. Then E is closed.
Since Ki0 is paracompact and not σ DC-scattered, we infer that E is not compact. Hence there is an inﬁnite discrete set{xn: n ∈ N} ⊂ E . Let {Hn: n ∈ N} be a discrete family of open sets such that xn ∈ Hn , Hn =⋂{p−s (Us): s ∈ Sn}, where ps is
the projection on the s-coordinate, Us is open in M and Sn a ﬁnite subset of ω1. Put β1 < ω1 such that
⋃{Sn: n ∈ N} ⊂ β1.
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is not the case then put
L = Ki0 ∩ Hn0 \
⋃{
IntKn0
(
p−1β1 (y) ∩ Ki0
)
: y ∈ pβ1(Ki0) ∩ pβ1(Hn0)
}
.
Since for each x ∈ X the projection pβ1 is closed at x, we infer that the restriction of pβ1 to L (h = pβ1 |L) is perfect, see [10]
or the proof of Lemma 1 from [3]. Since L ∈ P , we conclude that h(L) ∈ P and by Remark 3, h(L) is a countable union of
closed sets each of which is a discrete union of compact sets so also L has the same property. Then Ki0 ∩ Hn0 \ L is locally
σDC-scattered and consequently Ki0 ∩ Hn0 is σDC-scattered, contradiction.
Put Z1 = {yn: n ∈ N} ⊂ pβ1 (Ki0 ). Then {p−1β1 (yn) ∩ Ki0 : n ∈ N} is an inﬁnite discrete family of closed sets which are not
σDC-scattered.
Using similar reasoning by ﬁnite induction we can deﬁne a strictly increasing sequence (βn)∞n=1 of countable ordinal
numbers, Zn ⊂ pβn (Ki0 ) such that Zn is a countable inﬁnite set and the following conditions are satisﬁed:
(6) the family{p−1βn (z) ∩ Ki0 : z ∈ Zn} is inﬁnite and discrete and consists of the sets which are not a σ DC-scattered,
(7) Zn+1|βn = Zn ,
(8) for each z ∈ Zn the set {z′ ∈ Zn+1: z′|βn = z} is inﬁnite.
Put β = sup{βn: n ∈ N} and P be a closed subset of pβ(X) such that P |βn = Zn , for n ∈ N . Since Ki0 is a closed subset of
Y contained in X , we infer that P homeomorphic to the space of the irrational numbers. Since the class P is closed with
respect to closed subsets and perfect images and by Lemma 1 there is a closed subset F of X such that pβ |F is perfect and
pβ(F ) = pβ(X), we conclude that P ∈ P , contradicting the well-known Michael’s example, see [9].
Theorem 2 from [3] says that the ﬁrst player in the G(DC, Kn) game, for n ∈ N , has a winning strategy. From the fact
that Kn is closed subset of X , equality X =⋃{Kn: n ∈ N} and Lemma 4 it follows that the ﬁrst player in the G(DC, X) game
has a winning strategy. 
Proof of Theorem 2. Let f : X → Y be a closed mapping from a paracompact space X onto a space Y such that the ﬁrst
player of the G(DC, X) game has a winning strategy. Let us assume that {Ct : t ∈ T } is a discrete family of compact sets
in X . Then, for each t ∈ T , there exist ﬁnite subsets Kt ⊂ Ct and Tt ⊂ T such that the set
f (Kt) = f (Ct) ∩
(⋃{
f (Ct′): t
′ ∈ T \ Tt
})
.
If not then there exists t ∈ T and by the ﬁnite induction we could deﬁne sequences (tn)∞n=1 ∈ (T \ {t})ω and (xn)∞n=1 ∈∏∞
n=1 Ctn such that ti = t j , f (xi) = f (x j), for i = j and f ({xn: n ∈ N}) ⊂ f (Ct). The facts that f is closed, A = {xn: n ∈ N} is
discrete and f (A) is a inﬁnite subset of the compact set f (Ct) give us contradiction.
Since K = ⋃{Kt : t ∈ T } is a discrete subset of X and f is closed mapping, we conclude that f (K ) is discrete. If F
is a closed subset of Y disjoint with f (K ) and C =⋃{Ct : t ∈ T } then h = f |(C ∩ f −1(F )) is a perfect mapping, because
h−1h(x) ⊂⋃{Ct′ : t′ ∈ Tt}, for x ∈ Ct ∩ f −1(F ) and t ∈ T . Hence f (C) ∩ F is a locally compact paracompact closed subspace
of Y .
Using this reasoning, Lemma 3 and the fact that the ﬁrst player of the G(DC, X) game has a winning strategy we can
easily deﬁne a winning strategy for the ﬁrst player in the G(DC, Y ) game. 
Remark 4. From Theorem 2 it follows that if there are paracompact spaces X and Y , a closed mapping f : X → Y from X
onto Y such that X ∈ P and Y /∈ P then X witness that Conjecture 1 does not hold.
Question 1. Does Conjecture 1 or 2 hold for special subspaces of Mω1 , where M is metrizable space? I do not know the
answers for hereditarily Lindelof spaces, spaces satisfying the ﬁrst axiom of countability or separable spaces.
Question 2. Let us assume that X is a paracompact subspace of Mω1 , where M is metrizable and pα(X) ∈ P , meaning that
pα(X) is a countable union of sets each of which is a discrete union of compact sets. Does Conjecture 1 hold for X?
Question 3. Let us assume that X satisﬁes all assumptions of Theorem 1. Does it hold that X /∈ P if and only if the second
player in the G(DC, X) has a winning strategy?
Question 4. Let us assume that X satisﬁes the assumptions of Theorem 1 and X ∈ P . Does it follow that X has a neighbor-
hood assignment x → Ux such that for each y ∈ X the closure of the set {x ∈ X: y ∈ Ux} is compact?
Question 5. What is the characterization of paracompact spaces X for which the G(DC, X) game is determined, meaning
that the ﬁrst or the second player has a winning strategy?
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projection pα is closed at the point x or the set p−1α pα(x) is clopen in X . Do we have the following equivalence: X ∈ P if
and only if the ﬁrst player has a winning strategy?
Let us remind that pα is closed at a point x ∈ X if for each open U ⊃ p−1α pα(x) there is an open neighborhood V of x|α
in Mα such that U ⊃ p−1α (V ).
Question 7. Let us assume that X is a G-scattered subspace of Mω1 and X ∈ P . Does the ﬁrst player in the G(DC, X) game
have the winning strategy?
Question 8. Let X ∈ P . Does it follow that Xω is paracompact?
Remark 5. Tanaka proved, see [19], that if X is paracompact and the ﬁrst player of the G(DC, X) game has a winning
strategy then Xω is paracompact. Hence if X is a counterexample to Question 8 then X witness that Conjecture 1 does not
hold.
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